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Abstract. A discussion is presented of the canonical averaging of time-independent. nearly 
multiple-periodic systems having Hamiltonians of the form 

H = Ho(J,)+;.HI(rr.,. J , . q k . p k ) + 1 2 H , ( ~ , .  J , .  ~ / ~ . p k ) i  

where H ,  . H,. . . . are periodic functions of the angles w, .  A perturbation procedure is giben 
for constructing a direct canonical transformation converting the Hamiltonian into a new 
one. independent ofthe proper angles wz,  irrespective ofwhether the system is non-degenerate 
or intrinsically degenerate. In each case constants of motion to all orders of the perturbation 
theory exist. corresponding to each proper angle w1 

1. Introduction 

The method of averaging has a large variety of modifications, each adapted to a partic- 
ular class of dynamical systems (Mitropolskii 1971, Giacaglia 1972). In this article we 
are concerned with time-independent Hamiltonian systems in which we want to separate 
rapid oscillatory motions from slow secular evolution of the whole system. Mitropolskii 
and Zubarev were the first to deal with this sort of problem by means of the so called 
method of rapidly rotating phase (Bogolyubov and Mitropolskii 1955). Coffey and 
Ford (1969) generalized this method to systems with several rapid phases and discussed 
its connection with the classical canonical perturbation theory of Poincare (Born 1960, 
Fues 1927). If applied to a canonical set of equations, the method of Coffey and Ford 
yields equations which are not necessarily canonical. An integral of motion, the 
Hamiltonian, may therefore be lost. In an attempt to make the method canonical, 
Coffey (1969) examined nearly multiple-periodic systems having Hamiltonians of the 
form 

H = H,(J , )+~H, (w , , J , ;  4,,P,) (1.1) 
where H ,  is a periodic function of the angles w,. Coffey constructed a transformation 
averaging the corresponding canonical equations over the angles w,, but succeeded in 
making the transformation a canonical one only in the case where the system is non- 
degenerate. The present author (Sedlatek 1974) modified therefore the classical per- 
turbation theory of Poincare which is canonical by its very nature, so as to derive, not 
averaged canonical equations as Coffey did, but rather an averaged Hamilton-Jacobi 
equation for the generator of the canonical transformation that converts the original 
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Hamiltonian into one involving only momenta. This was achieved for both the non- 
degenerate and intrinsically degenerate systems (for classification of degeneracies see 
Born 1960, Fues 1927). Although the application of this method furnished interesting 
results (Sedlaeek 1974), there are some disadvantages connected with such an approach. 
First, the canonical transformation found is implicit, defined in terms of its generator 
and, secondly, the Hamilton-Jacobi equation, though providing a complete description 
of the problem and capable of serving as an integral of motion, does not permit the intro- 
duction of averaged variables and their corresponding equations of motion. 

The aim of the present paper is to show that a minor modification of our previous 
scheme enables one to remove both drawbacks at a time. Only non-degenerate systems 
are treated, since intrinsically degenerate systems with Hamiltonians of the form (1.1) 
are reducible to non-degenerate ones by introduction of improper angles (SedlaEek 1975). 
In 5 2 we define a general near-identity canonical transformation by its generating func- 
tion developed into a power series of the perturbation parameter I and, by inverting the 
transformation relations perturbationally, arrive at a direct canonical transformation 
dependent on an infinite number of arbitrary functions. In 5 3 the Hamiltonian of a 
nearly multiple-periodic system is transformed by this transformation and the arbitrary 
functions are determined successively from the,requirement that the transformation be 
periodic (ie secularity-free) in the angle-like variables wz and the new Hamiltonian be 
independent of w,.  The canonical transformation and the averaged Hamiltonian are 
thus obtained by a single procedure without any appeal to either the Hamiltonian-Jacobi 
equation or the canonical equations of motion. 

In constructing a general direct near-identity canonical transformation we have 
followed the most elementary procedure due to Burshtein and Solovev (1961), although 
a powerful method based on the apparatus of Lie's series is available (Hori 1966, Stern 
1970). The method of constructing the averaged Hamiltonian is, however, different 
from each of the schemes of Fedortshenko (1957), Burshtein and Solovev (1961) and 
Sturrock (1964) which are all concerned with averaging of time-dependent Hamiltonians 
over the time. The reader will find a comprehensive example of the present averaging 
scheme in a paper on nonlinear instability of three resonantly interacting electrostatic 
waves on two counter-streaming electron beams (SedlaEek 1974), submitted to Journal 
of Plasma Physics. 

2. Direct near-identity canonical transformation 

Let a near-identity canonical transformation from the set of old canonically conjugate 
variables qk, p k  ( k  = 1,2, .  . . , n) to a new set of canonically conjugate variables Q k ,  Pk be 
generated by a function s(qk,  Pk), developed into a power series of a small parameter ,i, 

the functions q ,  Y; , . . . being arbitrary. The corresponding transformation relations 

(2.3) 
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are implicit. We seek an inversion of these relations in the explicit form of a direct 
canonical transformation from the old to the new variables : 

To obtain the unknown functions 2,,, 2 2 k , .  . . , ; PI,., PZk,. . . we substitute the fore- 
going relations into the equations (2.2), (2.3), expand into powers of A and equate the 
coefficients of the same powers of A. We thus obtain a set of equations which is easily 
solved recursively to any desired order. The first three steps yield (the arguments of all 
functions are Q k ,  Pk) 

2 k  - 

(2 .64  

(2.6b) 

( 2 . 6 ~ )  

(2.7a) 

(2.7b) 

(2 .7~)  

3. Averaging process 

We assume a Hamiltonian of the same form as in the previous article (Sedlatek 1975): 

(3.1) H(w,", J," ; q:, P,") = Ho(J,")+ LHi(w,", J," ; qi, p:)+A2H2(~,", J," ; & , p i ) +  . . . 

in which w,", J," (a = 1,2, . . . , m) are the angle-action variables of the multiple-periodic 
degrees of freedom and qf ,  p: ( k  = 1 ,2 , .  . . , n) are the coordinates and momenta, 
respectively, of those degrees of freedom that are 'frozen' (4: = constant, p: = constant) 
in the unperturbed state of motion (A = 0). The functions H, ,  If,, . . . are periodic in 
the angles w," with period 2n. The old variables will be labelled by a superscript zero, the 
new variables will have no superscript. 
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The Hamiltonian (3.1) will be transformed by means of a near-identity canonical 
transformation generated by the function 

1= 1 k = l  

The corresponding direct transformation relations are constructed according to the 
formulae (2.6), (2.7) (only those terms are written which are necessary to obtain the 
functions q and Y2): 

(3.3) w," = w, + AY#<, + A'%, + . , . 

On substitution into (3.1) and expansion into powers of i., there results: 

(3.9) 

(3.10) 

(3.11) 

To specify the arbitrary functions q ,  Y; ,  . . . and thereby the new Hamiltonian HT, an 
averaging process with respect to the angle-like variables w, will be performed. A 
periodic function F(w,) is decomposed into the mean (average) value (F(w , ) ) ,  defined by 

(3.12) 
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and the periodic part 

iF(w,)) = F(w,)- <F(w,)). (3.13) 

The functions Y;, .U;, . . . are determined so as to be periodic functions of the angle-like 
variables : 

(3 .14~)  

(3.14b) 

which requires that the new Hamiltonian be an average of the right-hand side of equation 
(3.1 1) over the angle-like variables : 

with 

(3.16a) 

(3.16b) 

(3 .16~)  

I t  is seen that the calculational procedure is very much the same as in the previous 
article: first the function Sq, Yz,. , . are calculated from equations (3.14~)  (3.14b), . . . in 
the form of multiple Fourier series of the angle-like variables w,, the coefficients of which 
depend on J, ,  4k, p k .  The functions 3, Y ; ; .  . . are then substituted into equations (3.16) 
which give the new Hamiltonian R, independent of the angle-like variables w,. It is 
worth noticing that only the Hamiltonian 17, is a simple average of H ,  ; every higher 
averaged Hamiltonian ET,, contains additional terms composed of q, sf;, . . . , x- 
which, as seen from equations (3.14), may be nonzero even if all the perturbational 
Hamiltonians H,, H , ,  . . . , H ,  are vanishingt. 

The new (averaged) variables w,, J,,  q k ,  P k  obey the following canonical equations 
of motion : 

(3.17) 

t This fact will be shown to be essential in demonstrating the limitation of a nonlinear instability of resonantly 
interacting waves (SedlaEek 1974): the Hamiltonian 8 ,  causes an instability which is limited by 8, although 
H,. H ,  , . . . are all absent. 
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(3.18) 

All the new variables J ,  are constants to all orders of the perturbation theory. In each 
of equations (3.17), (3.18) these variables may therefore be regarded as mere parameters 
so that only equations (3.18) for q k ,  Pk are to be solved, independently of equations (3.17). 
This solution is then substituted into the right-hand sides of the first equations of the 
pairs (3.17) from which, by simple integration in time, w, are found. The angular degrees 
of freedom are thus effectively eliminated and the problem is reduced to the solution of 
the set of equations (3.18) for the slow evolution of the 'frozen' variables. This is to be 
compared with the result of the previous article where the problem was reduced to the 
solution of an averaged Hamilton-Jacobi equation also involving only the 'frozen' 
variables (equation (2.12) of that article). The same effective reduction of the number of 
degrees of freedom is thus achieved in both cases. 

The set (3.18) can also be solved with the aid of its associated Hamilton--Jacobi 
equation which follows from the averaged Hamiltonian (3.15). The separation of 
variables, if feasible, may considerably facilitate the solution. There is, however, a 
difference between this Hamilton-Jacobi equation and the averaged Hamilton-Jacobi 
equation derived in the previous article because in the latter it is the old (unaveraged) 
coordinates q i  that appear as independent variables. 
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